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$0. INTRODUCTION 
A CLASSICAL theorem of Poincar6 and Bendixson (see for example [3]) says that any minimal 
set of a V:’ flow on the Z-sphere is either a fixed point or a closed orbit. It is natural to hope 
that this result could be generalized to foliations of codimension one on simply-connected 
compact manifolds. However, there is an unpublished example of B. Raymond of a co- 
dimension one foliation of S’ which has an exceptional minimal set (i.e. a nowhere dense 
minimal set which is not a compact leaf). It turns out that, in order to generalize the 
PoincarC-Bendixson theorem we must make restrictions on the asymptotic behavior of the 
leaves of the foliation. For a foliation with one dimensional leaves, the volume of a segment 
in a leaf is just its length (in a fixed metric) whereas in higher dimensions the volume of a 
disk of radius R in a leaf can grow exponentially in R. Essentially, the latter is the pheno- 
menon which must be avoided and it is embodied in the assumption made below. In addition 
to the results obtained for codimension one foliations, there is a related result concerning 
actions by certain Lie groups. 
The author wishes to thank M. Hirsch and W. Thurston for helpful comments during 
the preparation of this paper. 
$1. RESTRICTIONS ON THE GROWTH OF LEAVES 
Let M be a compact Riemannian manifold with a V’ foliation % (in the sense of [2]). 
For convenience, we assume hf to be oriented and 9 to be transversely oriented (for other- 
wise we would pass to an appropriate compact covering space). If x E M we let L(x) denote 
the leaf of % which contains x and l/X denote the distance function induced on L(x) by the 
Riemannian metric on M. Further, let DR(x) denote the disk of radius R about x in L(x), i.e. 
II,&) = {y E L(x)/ c!,(x, 1’) 5 R).. 
The Riemannian metric, when restricted to L(x), determines a volume element R, on L(x). 
The volume of DR(x) is then given by 
vol DR(_Y) = J‘ R,. 
D&x(.X) 
The function g : M x [w+ --+ Wi defined byg(x, R) = vol DR(x) is called the growth function 
of % (with respect to the Riemannian metric). For example, we say that .% has polynomial 
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growth at x E M ifg(.r. .) is dominated by some polynomial or exponential growth ifg(x, R) 
dominates il exp(W for some positive A, r. By compactness of .U it is easily seen that 
these latter concepts are independent of the Riemannian metric on M. 
We are now ready to formulate the basic assumption. We assume that ZDa(x) = 
{y E Q-Y)] ci,(x, J) = R) is sufficiently piecewise smooth so that R, induces a volume element 
on c?DJ.Y) and Stokes’ theorem holds. Our basic assumption is that DR(x) grows faster 
than ZD,(x), that is for x E M 
lim inf 
vol SD&) 
a-_sc vol Da(X) = 
0. (1) 
Remarks. (i) Actually, we do not need to make a smoothness assumption on aDa( 
Instead we can make approximations as follows. The map L(x) -+ W given by y + d,(.u. v) 
is a continuous proper map which can be uniformly approximated by a map which is 
unchanged outside a small neighborhood of 2DR(.y) and smooth inside some smaller 
neighborhood. Now by Sards’ theorem we can approximate DR(x) by a smooth manifold 
with boundary B such that vol(D,(x)AB) is arbitrarily small. Now let R, + co be a sequence 
of positive real numbers and define B, as above so that vol(D,,(x)AB,) + 0 as n -+ co. In 
vol dB, 
this situation condition (1) takes the form lim inf __ = 0. 
n--o vol B, 
(ii) Also note that condition (1) is independent of the Riemannian metric on M. 
Examples. (a) Any foliation with one dimensional leaves satisfies condition (1). 
(b) The Reeb foliation of the solid torus D” x S’ satisfies condition (1). Also the 
foliations of compact orientable 3-manifolds constructed in [4] satisfy (1). 
(c) Any foliation whose leaves have polynomial growth satisfies (1). For example, let G 
be a Lie group which has polynomial growth in some left invariant metric. If @ : G x M + M 
is a locally free action we may choose a metric on M which coincides on orbits of @ with 
the metric induced from G. Thus, we see that the leaves of the orbit foliation of cf, have poly- 
nomial growth. Examples of such groups are abelian groups and more generally, nilpotent 
groups which possess uniform discrete subgroups [5], [8]. 
(d) Let W be a foliation whose leaves are invariant under a ??I Anosov flow pr : 
M -+ M. The flow qr (or cp_,) expands the leaves of -ly exponentially as t -+ co and vol DR(x) 
has exponential growth for all x E M which means that (1) is not satisfied. 
(e) In the example of Raymond mentioned above there are leaves having exponential 
growth and such that (I) is not satisfied. 
$2. THE MAIN RESULTS 
From now on M denotes an oriented compact Riemannian manifold and 9 denotes 
a transversely oriented codimension one foliation of M. Recall that a minimal set for 9 
is a nonempty, closed, F-saturated (i.e. a union of leaves of P) set which is also minimal 
with respect to these properties. 
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THEOREM If 9 satisfies (1) abore, then any closed transcersal which intersects a mini- 
mal set of 9 represents a non-zero element in H,(M: R). 
THEOREM 2. If H,(M; S?) = 0 and % satisfies (1) then ecery minimal set of 3 is a 
compact leaf. In particular, % has a compact leaf. 
Now let G be a connected Lie group such that dim G = (dim M) - 1 = n. 
THEOREM 3. Let @ : G x A4 + ICI be a ‘8’ action and assume that G satisfies (the obcious 
analogue of) condition (1) for some kft incariant metric. If H,(M. W) = 0 then any minimal 
set of Q, consisting of orbits of dimension n is a compact orbit. 
Remark. Theorem 3 contains the part of the classical Poincare-Bendixson theorem 
which is mentioned in the introduction. 
93. SOME PRELIMISARIES 
Let p > 0, R > 0, and denote by N,(x, R) the maximum number of disjoint disks of 
radius p which are contained in D,Jx). The following result says that the asymptotic rate 
of “ packing ” per unit volume is positive. 
LEMMA 1. liminf 
NJx, R) > o, 
R-n vol DR(X) 
Proof. Let ~1 > 0 be an upper bound for the volume of a disk of radius 2p in a leaf 
of 9. That such an upper bound exists follows easily from the compactness of Al. The 
claim is that any disk DR(_y) of radius R contains at least vol D,_,(x)//c disjoint disks 
of radius p. If D,(P,), . . . , D,(P,) are disjoint disks in DR(_x) with k < vol D,_,(x)//f , then 
we have 
VO’(D,-,(x) - b D,,(Pi)) 2 VOl D,_,(.K) - i ~01 Dz,(Pi) 
i= 1 i= 1 
2 vol DR_,,(x) - k/c 
> 0. 
Hence, there exists P, + 1 E (DR -,W - (J D,pCPi)) and D&P,), . . . , D,(Pk+I) are disjoint 
i= 1 
and the above claim is proved. The lemma follows now since clearly lim inf vol D, -,W > o 
R-n vol DR(x) ’ 
The following is well-known (see for example [A]). 
LEMMA 2. If L is a non-compact leaf qf % then there exists a closed transL>ersaf to 9 
which intersects L. 
Our next result is essentially a standard fact of topological dynamics [3]. 
LEMMA 3. Let J/L be a minimal set for F. Then given E > 0 there exists R > 0 such that 
for each x E 4, DR(x) is E-dense in JY (i.e. DR(x) intersects the &-neighborhood in A4 of 
every point in A). 
Proof. Suppose the lemma is false. Then there exist sequences (which may be assumed 
convergent by taking appropriate subsequences) x, -+ X, R, + 03, z, --+ z (x,,, z, E .A!) such 
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that D,,(x,) does not intersect the &-neighborhood of -;1. Thus, for sufficiently large 11, 
D&X”) does not intersect the +-neighborhood of -_. This is impossible, however, since 
the leaf L(X) is dense in A’ and any point in L(X) is the limit of a sequence J,, E DR,(_r,). 
This proves Lemma 3. 
LEMMA 4. Let be a embedded closed in an manifold and a 
neighborhood ;:. Tflelz exists a cohune preset-ring hacing -y a closed 
and whose cector field support contained U. 
Proof. consider the ~1 = x (0) S’ x Let 3, . . . , x, denote the co- 
d 
ordinates. If f: S’ x D” --* R is independent of 3 then the vector field .f- preserves the 
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volume element d3 A d.t-, A . . A dx, . Choose f so that f 2 0, f/r > 0, and f = 0 in a 
neighborhood of the boundary of .S’ x D”. The general case is now accomplished by taking 
appropriate coordinates for a tubular neighborhood of y and modifying the volume element 
so that it agrees with the pull-back of d3 A dx, A ... A d-y-, via the coordinate chart map. 
>c1. ASYMPTOTIC HOMOLOGY CLASS OF A LEAF 
We introduce an analogue of the asymptotic cycles of [7] for foliations of codimension 
one which satisfy condition (1) above. (This can also be done for foliations of dimension q 
thus yielding an element of H&M; R).) Let x E M, rn = dim IV/, and ql, . . . , qr be closed 
(nz - I)-forms on M which determine a basis of H”-‘(M; R). Now let R,, -+ cc be a sequence 




jx*ylk exists for 
n-m vol DR.(x) DR”@) 
k= I, . . . . r, 
wherej., : L(x) -+ M is the inclusion map. That (a) can be obtained follows from (1) and (b) 
follows by taking successive subsequences since M is compact. We define an element A, 
of H,,_,(M; R) (which we think of as being the dual of Hm-‘(M; Iw)) by 
where q is a closed (m - I)-form. Stokes’ theorem and condition (a) imply that A, is a 
well-defined linear functional on Hm-’ (M; rW>. (Note, however, that the definition of A, 
depends on the sequence R,.) For example, note that if L(x) is a compact leaf then eventually 
vol ZD,(.u) = 0 and A, is just the homology class of L(x) in H,,,_,(M; iw) divided by vol 
L(x). If 0 : G x M -+ M is a group action and G satisfies (I), then A, is defined as above 
except that now j., : G -+ M is defined b y j,(g) = @(g, x), g E G, and DK(x) is replaced by 
the disk of radius R about the identity of G. 
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$5. PROOFS OF THE THEOREMS 
Let ,K be a minimal set of the foliation 9 and y a closed transversal to 9 which passes 
through x E ,I(. Essentially, we will show that L(X) has non-zero asymptotic intersection 
number with 7. By Lemma 4 there is a divergence free vector field X having 7 as a closed 
orbit and support in a small tubular neighborhood U of 7. Furthermore, we may assume 
that X is oriented in the positive direction normal to 3 at every point where X is non-zero. 
Let R denote the volume element on M which is preserved by the X-flow. Then di,v R = 
L,Y Q = 0, i.e. the (nl - I)-form i,Y R is closed. The claim is that A,(i,Y !A) # 0. By Lemma 3 
any disk of sufficiently large radius in ,/l must intersect U and, hence, there exists a p > 0 
such that any disk of radius p in A cuts through U. This means that the integral of i,YR 
over a disk of radius p in ,/l always has the same sign and has absolute value greater than 
some fixed positive number. Now by Lemma I we conclude that A,(i,yR) # 0. Theorem 1 
now follows since the cohomology class of i,R represents a non-zero multiple of the 
Poincarl dual of y ([I]). Theorem 2 follows from Theorem 1 and Lemma 2. In the case of 
Theorem 3 the orbits of the action need not give a codimension one foliation but an argu- 
ment similar to the one above may be used. Let .,J be a minimal set consisting of n-dimen- 
sional orbits (n = dim G = m - 1). The set of points in A4 having n-dimensional orbits is 
an open set containing .A! and the orbits determine a codimension one foliation of this 
open set. Lemmas I and 3 have obvious analogues in this case and the proof of Lemma 2 
is essentially the same. If A! is not a compact orbit then there exists a line segment r trans- 
verse to the foliation (of the open set) having its endpoints in an orbit 8 c A. Let /3 be a 
path in 8 joining these endpoints. In the usual way z * fl may be deformed to yield a closed 
transversal y. The rest of the proof is the same as before. 
Remark. If we assume the alternate form of (I) (see Remark (i) of $1) then the proofs 
are unchanged except that D,J.K) is replaced by B, (as constructed earlier). Thus, all of 
our results are valid if we merely assume, for example, that some leaf of _A! does not have 
exponential growth. 
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